BRAIDED BIALGEBRAS OF TYPE ONE 



A. ARDIZZONI AND C. MENINI 



Abstract. Braided bialgebras of type one in abelian braided monoidal categories are charac- 
terized as braided graded bialgebras which are strongly N-graded both as an algebra and as a 
coalgebra. 
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Introduction 



Bialgebras of type one were introduced by Nichols in They came out to play a relevant 

role in the theory of Hopf Algebras. In particular, their " coinvariant" part, called Nichols algebra. 



has been deeply investigated, see e.g. [Ro|, [AS| and the references therein. 

The main purpose of this paper is to study some relevant properties of bialgebras of type one 
in the framework of abelian braided monoidal categories. 

Let be a braided bialgebra in a cocomplete and complete abelian braided monoidal category 
{A4,c) satisfying AB5. Assume that the tensor product commutes with direct sums and is two- 
sided exact. Let AI be in ^M^- Let T = Th{M) be the relative tensor algebra and let T'^ — 



Tfj{Al) be the relative cotensor coalgebra as introduced in |AMS1]. We prove that both T and 
T'^ have a natural structure of graded braided bialgebra and that the natural algebra morphism 
F : T ^ T'^, which coincide with the canonical injections on H and Af , is a graded bialgebra 
homomorphism. Thus its image is a graded braided bialgebra which we denote by H[M] and call, 
accordingly to the braided bialgebra of type one associated to H and M. 

We wo uld like to outline that a treatment of bialgebras of type one in the case H = 1 can be 



found in |Sch]. Following a different approach, that traces back to some Nichols' original ideas, in 
order to characterize braided bialgebras of type one, we develop some relevant properties of graded 
algebras and coalgebras. We introduce the d efinition of strongly N-graded algebras and coalgebras 



which is inspired in the second case to |NT| 



Given a graded coalgebra (C = ®„eNCn, A,e) in ^A, we can write Ai^-^ as the sum of unique 
components Aij : Ci+j Ci ® Cj where i + j = n. The coalgebra C is defined to be a strongly 
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N-graded coalgebra when Ap : Ci+j — > Ci ®Cj is a monomorphism for every z, j G N. In Theorem 



2.22, we prove that the foUowing assertions are equivalent, 
(a) C is a strongly N-graded coalgebra. 

(6) the canonical morphism tp : C ^ (Ci) is a monomorphism. 
(c) Co©Ci = Co AcCq. 

Also the "dual" notion of strongly N-graded algebra is introduced and a similar result is achieved. 
Braided bialgebras of type one are then characterized as braided graded bialgebras which are 
strongly N-graded both as an algebra and as a coalgebra. 

Assume that H is a. braided Hopf algebra in {A4,c) with bijective antipode. Using general 



results by Bespalov and Drabant (see [Bes] and [ |BD| |), we prove that H[M] is the Radford-Majid 
bosonization 



H[M] = 1 



X H 



where 1 [M'^°(^)] is the braided bialgebra of type one associated to 1 and M'^°^^^ in Ifj^I? (-^)- 

Finally we would like to outline that many results are firstly stated and proved in the coalgebra 
case. Our choice is motivated by the special feature of this case, due to the lack of the existence 
of the coradical in the monoidal context. As far as the algebra case is concerned, we would like to 
point out that here we can drop the assumptions of completeness and Ai35-condition essentially 



because the analogue of Lemma 2.2 doesn't require these extra conditions. Also proofs in the 
algebra case are not given whenever they would have been an easy adaptation of the coalgebra 
ones. 

Elsewhere we will apply the results of the present paper to study strictly graded bialgebras and 
graded bialgebras associated to a (co)algebra homomorphism. 

1. Preliminaries and Notations 

Let [{X, ix)] be a subobject of an object E in an abelian category C, where ix — ix ■ X ^ E is a. 
monomorphism and [{X, ix)] is the associated equivalence class. By abuse of language, we will say 
that {X, ix) is a subobject of E and we will write {X, ix) = (Y, iy) to mean that {Y, iy) £ [{X, ix)]- 
The same convention applies to cokernels. If {X,ix) is a subobject of E then we will write 
{E/X,px) = Coker(ix), where px = Px ■ E ^ E/X. 



1.1. Monoidal Categories. Recall that (see |Ka, Chap. XI]) a monoidal category is a category 



A4 endowed with an object 1 e (called unit), a functor iSi A4 x A4 ^ M. (called tensor 
product), and functorial isomorphisms ax.Y.z '■ (X ® Y) ® Z ^ X ® (Y ® Z), Ix '■ 1 ® X X, 
rx : X (S) 1 —>■ X, for every X,Y, Z in Ai. The functorial morphism a is called the associativity 
constraint and satisfies the Pentagon Axiom, that is the following relation 

{U aY^w,x) o au^Y^w,x ° {o.u,v,w ® X) = au,v,w»x ° at/®v,iv,x 

holds true, for every U, V,W,X in A4. The morphisms I and r are called the unit constraints and 
they obey the Triangle Axiom, that is {V ® Iw) ° o,v,i,w = ® W, for every V,W in M. 

It is well known that the Pentagon Axiom completely solves the consistency problem arising 
out of the possibihty of going from {{U F) (8) W) iSi X to U ® {V ^ (W (X) X)) in two different 



ways (see |Mjl, page 420]). This allows the notation A"i (g) • ■ • (g) Xn forgetting the brackets for 
any object obtained from Xi, ■ ■ • A"„ using €5. Also, as a consequence of the coherence theorem, 
the constraints take care of themselves and can then be omitted in any computation involving 
morphisms in A4. 

Thus, for sake of simplicity, from now on, wc will omit the associativity constraints. 

The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be 
introduced in the general setting of monoidal categories. Given an algebra Ain M on can define the 
categories a-M, -Ma and a-Ma of left, right and two-sided modules over A respectively. Similarly, 
given a coalgebra C in A4, one can define the categories of C-comodules ^ Ai, A4'~'' . For 



more details, the reader is refereed to |AMS2|. 
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Definitions 1.2. Let be a monoidal category. 

We say that A4 is an abelian monoidal category if is abelian and both the functors X(E>{—) : 
M ^ M. and (— ) iSi X : M ^ M are additive and right exact, for any X e A4. 
We say that A4 is an coabelian monoidal category if A4° is an abelian monoidal category, 
where Ai° denotes the dual monoidal category of M. Recall that Ai° and Ai have the same 
objects but M°iX, Y) = X(F, X) for any X,Y in M. 

Given an algebra A in an abelian monoidal category M, there exist a suitable functor (^a ■ 
a-M a X aM a aMa and constraints that make the category {aMat'^^'A^A) abehan monoidal, 
see [ AMS2 , 1.11]. The tensor product over A in of a right A- module V and a left A- module W 
is defined to be the coequalizer: 

{V®A)®W ; V(g>W "'^"''^ - V(SaW *- 

Note that, since (8) preserves coequalizers, then V 0^ W is also an A-bimodule, whenever V and 
W are j4-bimodules. 

Dually, given a coalgebra (C, A,e) in a coabelian monoidal category there exist a suitable 
functor Dc ■ ^ x ^ ~* ^ and constraints that make the category {^M^^UcC) 
coabelian monoidal. The cotensor product over C in of a right C-bicomodule V and a left 
C-comodule W is defined to be the equalizer: 

^ VUcW ^ V®W ; V®{C®W) 

Note that, since ® preserves equalizers, then VDcW is also a C-bicomodule, whenever V and W 
are C-bicomodules. 

1.3. Graded Objects. Let {Xn)^^^ be a sequence of objects a cocomplete abelian monoidal 
category M and let 

neN 

be their coproduct in A^. In this case we also say that X is a graded object of A4 and that the 
sequence (-'fn)„gpj defines a graduation on X. A morphisni 



nGN »ieN 

is called a graded homomorphism whenever there exists a family of morphisms (/„ : X„ ^lOneF 
such that / = ©„gN/n i-e. such that 

/ ° — *Y„ ° /"J every n e N. 

We fix the following notations: 

0, for n = 

® Xt, for n > 1 and X [n] = (B X„ for n e N. 




i>7i 



0<i<n-l 

X {i + I) be the canonical inclusion and for any j > i, define: 
ai^a^_,ajZl■■■all^al+':Xi^)^XiJ). 



Throughout let 



TT™ : X (n) ^ X (m) {m<n), tt^ : X X (n) , 

: X (n) ^ Xrn (m < n), pn : X ^ Xn, 
be the canonical projections and let 

al^ : X (m) ^ X (n) {m <n), cr„ : X (n) ~> X, 

i"„ : X„r ^ X (n) {m<n), z„ : X„ ^ X, 
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be the canonical injections for any m,n gN. For technical reasons we set tt™ = 0, cr^ 
n < m and = Q, = Q for any n < m. Then, we have the following relations: 



for any 



'!^n^k 



Moreover, we have: 



"k 


— "k 


if k < m < n, 


and 


"k ^ 




, lim <k <n 


Pn ~k 


^Pf, 


if m < n < fc, 


and 


_tn,-n _ 
•'^n *fc — 


•m 

*fc ' 


ii k < n < m, 


Pn '^k 


= Pk, 


a m < k < n, 


and 


~-mAn _ 
"^n *fc — 


-•TO 
*fc ' 


a k < m < n, 


Pn'^n 


Pmj 


if m < n, 


and 






if m < n, 




— rr" 


if A; < n, 


and 






if n < A;, 


rim An 
Pn 'to 


= Idx 


if m<n. 











In the other cases, these compositions are zero. 
Similarly let 

C : X[n]^X [m] {n < m), 
C : X [n] ^ X„ (n < m), 

be the canonical projections and let 

ly^ : X[m]^X[n] (n<m), 
Xl^ : Xra^X[n] (n<m), 



Tn:X^X[n], 



Vn : X[n]^ X, 



be the canonical injection for any m, n G N. For technical reasons we set 
m <n and = 0, = for any m <n. Then, we have the following relations: 



z^" 



for any 



Pnl'k = Cfe ) Tn«/s = A^. 



Moreover, we have: 



-m n 
^n ^k 


= ^r 


, if n < m < fc. 


and 


m n 
^k 


~-m 

— ^k 


, if n < fc < m, 


/-m n 
^k 


— Sfc 


if fc < n < m. 


and 




= ^k 


, li m < n < k, 




Am 
— Sfe 


if n < /c < m. 


and 


rn \n 


= K 


, if n < m < fc. 


Am 
Sn 'n 


~ Prri) 


if n < m. 


and 




~ ^TO5 


if n < m. 




- 7/" 

- '^k ' 


if n < fc. 


and 


Tnffe = 




if A; < n. 



CA;^ = Idx^, if n<m. 

In the other cases, these compositions are zero. 
Given graded objects X,Y \n M we set 

{X (g) y)„ = ®a+b=n (Xa CE) Yfe) • 

Then this defines a graduation on X iS)Y whenever the tensor product commutes with direct sums. 
We denote by 



Xa(g>Yb 



X,Y 



+b 



and 



+b 



Xa<»Yb 



the canonical injection and projection respectively. We have 

(1) y. i^^^nxf = v[(z-0ir)„+,=. 



(2) 

where V 
and A 



E 

a+b—n 

EX,Y I X 
la,b [Pa 

o+6=n 



^pI) 



= A 



{P'a 



X 



^Pb)a+b=n 



(*a" ® a+6=nj dcnotes the codiagonal morphism associated to the family (z^ (g) a+b=ra 
denotes the diagonal morphism associated to the family (p^ (g) . 
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Lemma 1.4. Let X — ®neN^n be a graded object in a cocomplete abelian category A4. Then, for 
every n e N 

0^ X[n]^X ^X{n) ^0 and X (n) ^ X ^ X [n] ^ 
are splitting exact sequences. 

2. Graded and Strongly N-graded Coalgebras 

In this section {A4, ®, 1) will denote a cocomplete coabelian monoidal category such that the 
tensor product commutes with direct sums. 

2.1. Recall that a graded coalgebra in is a coalgebra (C, A,e) where 

C — (Bn&lCn 

is a graded object of A4 such that A:C— >Cc>5Cisa graded homomorphism i.e. there exists a 
family (A„) of morphisms 

= A„ : C„ ^ (C ® C)„ = (Ba+b=n (Ca «> Cb) such that A = ©„gnA„. 

We set 

A^, = A,,, (^Ca+b (C ® Ca ® . 

A homomorphism / : (C,Ac,£c) {D, ^d, £d) of coalgebras is a graded coalgebra homomor- 
phism if it is a graded homomorphism too. 

Lemma 2.2. Let L be a set and let {Xi)i^i be a family of objects in a cocomplete and complete 
abelian category C satisfying AB5. Let Y be an object in C and let f : Y ~> (BieiXi be a morphism 
such that 

Pkf = for any k e L, 
where pk ■ ©ig/X^ Xk denotes the canonical projection. Then f — 0. 



Proof. See [Po, page 54 and 61]. □ 

Proposition 2.3. Let (C, A,e) be a coalgebra in A4 which is a graded object with graduation 
defined by {Ci:)f^^j^ . Fix n gN. Consider the following assertions. 

(i) There exists a morphism 

A„ : C„ ^ (C C)„ = (Ba+b=n (Ca ® Cb) such that Ai„ = V [{ia ® ib)a+b=n\ ^n- 

(ii) There exists a family (Aa.b) of morphisms A^.b : C„ Ca ® Cb such that 

(3) Aj„ = ^ {ia®ib)AaA- 

a+b—n 

(iii) {pa ® Pb) Ai„ = 0, for every a, 6 G N, a + & 7^ n. 

Then (i) <^ (ii) (Hi) . Furthermore, if Ai is also complete and satisfies AB5, then (ii) <^ (Hi). 
Proof (i) (ii) Set 

Aa,b = (^Cn ^{C® C)„ Ca ® Cfe^ 

for every a, 6 e N such that a + b — n. We have 

^ (ia ® ib) Aa^f, = ^ {ia® H) ^af^n - V [{ia ® a+b=n] = Ai„. 

a+b—n a-\-b—n 

{ii) ^ {Hi) We have 

(4) {pa Pb) ^ (in it,) Au,„ = (5a+f,,nAa,b = Aa,bPa+bin, 

li+v— n 
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SO that, in view of (|^), we obtain 

(Pa 8) Pb) Ai„ = Sa+b.n^a.b, for every a,beN. 

in) (i) Set 

A„ = ^ Icn Ca ® Cb "'^ (C ®C)\. 

a+h—n \ J 

Then 

V[(i„®i,)„+„^„] A„= ^ [(^- *-)u+.=„] A„,b - ^ (^,®^^,)A,,^, = Az 

a+6— n a+fc— n 

Assume is also complete and satisfies AB^. 

(in) => (ii) Set Aa,b = [pa ® Pb)A.ia+b for every a, e N. For every u,w G N, we have 

(Pu ® P^)) ^ {ia ® ib) Aa,b Su+v,nAuA, = (P« ® Pv)A.in. 
a+b—n 



since the codomain of Aj„ is C C = ©M,i,gNC„ (g) and satisfies ASS, by Lemma 2.2, we 



conclude. □ 

Proposition 2.4. l) If {C — ©,igNC„, A,e) is a graded coalgebra in M, then 

(5) (Pa ® Pb) A = Aa^Pn, for every a, 6 G N. 

Assume that A4 is also complete and satisfies ABB. Let (C, A, s) be a coalgebra in A4 which is a 
graded object with graduation defined by {Cn)n£n ■ If there exists a family (Aa.b) ^^^^ of morphisms 
A.a,b '■ Ca+b ^ Ca ^ Cb such that holds, then (C = (BnefiCn, A, e) is a graded coalgebra in M.. 

Proof. 1) For every a, 6, i G N we have 

(Pa Pb)Ait S [pa (X) Pb) ^ [iu ® iv) A„,t, Aa,bPa+bin- 

u+v—n 

Since this equality holds for an arbitrary ti e N, we get (H). 



2) By (g) we have {pa ® Pfc)Az„ = 0, for every a,b G N,a + b ^ n. Thus, by Proposition 2^, C 
is a graded coalgebra. □ 

Proposition 2.5. 1) Let C = (Bn&iCn be a graded object of M. such that there exists a family 

Aa,fc : Ca+b Ca® Cb, 

of morphisms and a morphism Sq : Cg 1 which satisfy 

(6) (Aa,fc ® Cc) Aa+b^c = {Ca ® Afc^J Aa,b+c, 

(7) (Cd ® £o) Ad,o = ^■c^ {eo®Cd)Ao,d^lcl' 

for every a,b,c G N. Then there exists a unique morphism A : C — > C ® C such that ^ holds. 
Moreover (C — (SneNCm A, e — SoPo) is a graded coalgebra. 

2) If C is a graded coalgebra, then e — sioPo so that e is a graded homomorphism, and we have 
that (Qj and hold for every a,b,c G N, where Eq = ei^. 

Moreover (Co,Ao = Ao.o,eo = £*o) is a coalgebra in M, io is a coalgebra homomorphism and, 
for every n € N, (C„, Aq „, A„_o) is a C^-bicomodule such that Pn ■ C Cn is a morphism of 
Co-bicomodules (C is a Co-bicomodule through po). 

Proof. 1) Since the tensor product commutes with direct sums, we have that C®C = ©a.hsN {Ca ® Cb) 
Thus, by the universal property of coproduct there exists a unique morphism A : C ^ C ®C such 
that (|) holds. By using (^) and (|^) we get (A ® C) Ai„ = {C ® A) A«„. for every n G N and hence 
A is coassociative. Similarly, by using (||) and (|^), we get {C ® e) A ^ r^^ and {s ® C) A = l^^. 
In view of by Proposition 2.3, C is a graded coalgebra. 
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2) By using (||), we obtain 

(Pa ® Pb iX) Pc) (A (g) C) Ai 

a+b+c — (Aa,6 ^ Cc) Aa+b,c 

{Pa ®Pb® Pc) (C ® A) Ai a+b+c — {Ca ® At^c) Ajj^b+c 

SO that (H) holds true. 

From (C £c) A = r^"^, we deduce 

(Pb ®1){C ® ec) Aia = (pb 1) r^^ia. 

We compute the first term: 

(pb «) 1) (C ® e) Aia S 1) (C (g) e) ^ (i„ i^) A„,„ = (Cb ® eia-b) Ab,a-& 

u+t;— a 

and the second one: 

(pb g) 1) rp^ia = r^lPbia = (^b^arp^^ 

Thus we obtain 

(Cb ® eia-b) Ab,a-6 = Sb,arcl- 

Similarly one gets [scia-b ® Cb) Aa-b,b — Sa,blcl- Iii particular one has (0). 
Let us prove that £ is a graded homomorphism. Let us check that 

e = eiopo- 

Set e' :— eiopo. Then 

rc (A e') Ain ^ rc {A ® eioPo) ^ {ia ® ib) Aa,b = rc («„ ® eio) A„,o - ''c («« ® 1) t'c^ = 

a+b— n 

Since this holds for every n e N, we deduce that rc {A ® e') A = Idp so that e' is a right counit 
for C. Since e is a counit for C, one gets £ = e' . 

Hence e is a graded homomorphism. 

By applying (||) and to the cases 

(a,5,c) = (0,0,0), d = 0, 

we get that (Co, Aq — Aq^o, £o = £«o) is a coalgebra in M.. 
By applying (||) and (0) to the cases 

(a, 6, c) = (n, 0, 0) , (0, n, 0) , (0, 0, n) , d = n, 

we get that (C„, Ao,„, A„^o) is a Cg-bicomodule for every n e N. By applying (||) to the cases 
(a, 6) = (n, 0) and (a, 6) = (0, n) , we get the last assertion. □ 

Lemma 2.6. Let f : (C, Ac,£c) {D, Ad,£d) be a homomorphism of graded coalgebras in Ai. 
Then 

(8) A^b ° fa+b = { fa ® fb) o Alb, for every n, a,beN. 

Proof. By definition of graded homomorphism, f o if — o f and hence ° f °i? — f °P^ ° *P 
for every n,t G N. Therefore p^ ° f ^ fn ° Pn for every n e N. Using this relation and (||), for 
every a, 6 S N, the equality 

(pf ® ) o Ac o / o = (pf ® ) o (/ ® /) o Ac o 

rewrites as A^^ o f^+b = (/a ® /b) o A^,,. □ 

2.7. Let C be a coalgebra in A4. As in the case of vector spaces, we can introduce the wedge 
product of two subobjects X, F of C in : 

{X /\cY,i'^^Y) ■■=Ker[{px(S)pY)oAc], 
where px '■ C — > C/X and py ■ C — > C /Y are the canonical quotient maps. In particular we have 
the following exact sequence: 

^ XhcY — — ^ C ^ C/X ® C/Y. 
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Let S : D ~> C he a monomorphism which is a homomorphism of coalgebras in Ad. Denote by {L,p) 
the cokernel of ^ in A^. Regard Z? as a C-bicomodule via 6 and observe that L is a C-bicomodule 
and p is a morphism of bicomodules. Let 

p^^<5„) := kcr(p®"A«-i) 

for any n e N \ {0}. Note that {D^'<^,5i) = {D, S) and {D^i,52) ^ D Ac D. 
In order to simpUfy the notations we set {D^c ^Sq) = (0, 0). 

Now, since Ai has left exact tensor functors and since p*^" A^"^ is a morphism of C-bicomodules (as 
a composition of morphisms of C-bicomodules), we get that D^c- is a coalgebra and Sn : D^c — > C 
is a coalgebra homomorphism for any n > and hence for any n G N. 



Proposition 2.8. |AMSl|, Proposition 2.17] Let 6 : D ~* C be a monomorphism which is a 
coalgebra homomorphism in M. Then we have 

(9) D'^'S Ac D'^^ ^ D^'o^" . 

Definition 2.9. Let (C = ®n£NCn, A, e) be a graded coalgebra in A4. In analogy with the group 
graded case (see [NT]), we say that C is a strongly N-graded coalgebra whenever 
Ap : d+j ^ Ci® Cj is a monomorphism for every i.j £ N, 



where Ap is the morphism defined in Definition 2.1 



(10) 



Theorem 2.10. Let (C = ©ngNCnjA, e) be a graded coalgebra in a cocomplete and complete 

coabelian monoidal category A4 satisfying AB5. 

Then: 

1 ) Let n > 2 be such that 

there exist < a,b < n — 1 such that a + b = n 
and Au,v '■ Cu+v Cu ® Cy is a monomorphism for every a < u and b < v 

0-.C(n)^C^""^^^C[a]®C[fe] 

is an exact sequence and 

C{n)=C{a) AcC(6). 
2) Assume that C is a strongly N-graded coalgebra. Then 

(C (n) , (T„) — C(^^, for every n e N. 

Proof. 1) Let n > 2 be such that condition ( p^ ) holds true. Let us prove that the following sequence 

-> C (n) ^ C ^""^^^ C[a](8>C [b] 
is exact. For every < t < n — 1, we compute 

{Ta ® n) Aanit = (Ta ® u) Ait - ('^"^^ ® '^^^''^ ^"■^ ® •^^) " 

u+v—t u-\-v—t 

Let 5 : y ^ C be a morphism such that (tq (g) Tf,) Ag = 0. Now, for every a < u and b < v, we 
have ■-■ 

iOa «> Qn) Ag = (p„ py) Ag ® A„,„p„+^5. 
By hypothesis A„_t, is a monomorphism so that Pu+v9 — 0. We conclude that 

Peg — 0, for every c > n. 



Set (7 = 7r„g and let us prove that g = ang- By Lemma 2.2 this is the case if and only if 

Peg = PcC^nV, for every c e N. 

We calculate 

_ ,._ ( PcQ for every c < n 

PcCTng = Pn9 = Pn^ng = | Q = Otherwise. 

Thus the required sequence is exact. 
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By Lemma 1.4, the following sequence 

^ C (n) ^ C ^ C [n] 

is split exact. Then we have 

(C (n) , an) = ker [(ra ® n) A] = ker (r^) Ac ker {n) = C (a) Ac C (b) . 



2) Assume that C is a strongly N-graded coalgebra. Let us prove that C (n) = Cq'^ , for every 
n G N. 

The case n = is trivial. Let us prove the equality above for every n > 1 by induction on n. 
If n 1, by definition, we have C {1) — Co — Cq . 

A* 

Let n > 2 and assume that C (t) = Cq'^ for every < t < n — 1. By hypothesis we get that condition 
( p^ holds true for n and hence by 2) we have C (n) — C (a) Ac C (b) so that, by Proposition p.8| , 
we have 

= Co^°^ Ac Co'^ = C (a) Ac C (b) ^ C (n) . 

□ 

Proposition 2.11. Assume thatM is also complete and satisfies AB5. Let (C — (BneNCn, Ac, £c) 
and {D = (BnetiDn, ^D, £d) be graded coalgebras in A4. Let f : C ^ D be a graded coalgebra 
homomorphism. Assume that D is a strongly N-graded coalgebra. Then the following assertions 
are equivalent 

(a) /o and fi are monomorphisms and C is a strongly N-graded coalgebra. 

(a') /o and fi are monomorphisms and A^j^ : Ca+i Ca ® Ci is a monomorphism for every 
a e N. 

(b) fn is a monomorphism for every rt G N. 

(c) f is a monomorphism. 

{d) fo and fi are monomorphisms and (C (n) , (T„) = Cq"^' , for every n G N. 
(e) fo and f\ are monomorphisms and (C (2) ,02) — Cq*^. 



Proof. Recall that, by Lemma 2.6, we have (|g). 
(a) ^ {a!) It is trivial. 

(a') => (6) We proceed by induction on a > 1. For a = 1 there is nothing to prove. Let a > 2 
and assume that fa-i is a monomorphism. Since A^__j^ ^ : Ca+i —> Ca iX) Ci is a monomorphism, 
in view of (||), we get that fa = /(a-i)+i is a monomorphism. 

(6) (c) Since / = ®nmfn and M satisfies ABb, it is trivial (see e.g. |Po, page 53]). 

(c) =J> (&) Since / is a monomorphism and f ° in — ° fn for every n G N, it is clear that each 
/„ is a monomorphism too. 

(6) ^ (a) Let a, 6 > 0. In view o f A^j^ is a monomorphism as A^j, is a monomorphism. 

(a) ^ [d) It follows by Theorem |2^ . 

(d) ^ (e) It is trivial. 

(e) (a) By hypothesis, 

ker [(rf ® rf ) Ac] = (Cq^'^ , 5^) = (C (2) , a^) = ker (rf ) 

so that 

Im [(rf rf ) Ac] - Coker [ker (rf )] = Im (rf ) = (C [2] , rf ) . 
Hence there is a monomorphism /3 : C [2] ^ C [1] ® C [1] such that 

l3oT^ = (rf ® rf ) o Ac- 

For every n G N, we have 

/3oA^ = /3orfo^^=(rf ®rf)oAco^^i(rf ®rf) ® ^?)°A^,, = ^ (A^A^oA^,, 

a+6— n a-\-b—n 
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SO that 

(11) 13 o\l^ V (A>Ai)oA 



a+b— n 



Let us prove that A^^^ : Ca+b ^ Cf, is a monomorphism for every < a,b. 

For a = or 6 = there is nothing to prove as (C„, Aq'^, A^q) is a Co-bicomodule in view of 
Proposition 2.5. Let us check that A^^ : Ca+b ^ Ca ® Cb is a monomorphism for every a,b by 
induction on n = a + 6. 

For n = 1 there is nothing to prove. 

For n = 2, since Aj = 0, we have 

poXl^^ E (A>Ai)oA,^,, = (A}0A})oA^;,. 

a+b=2 

So that, since (3 and A^ are monomorphisms for every j < i, we have 

ker (A^i) = ker [(A} ® A}) o A^J ker (/3 o A^) = 0. 

Let n > 3 and assume that A^^, : C„+t, — > C„ (8> is a monomorphism for every u,v €N with 
u + v<n. Fix a, 6 e N such that n = a + b and let /i be a morphism in ^A such that A^j, o /i = 0. 
Let us prove that h = 0. 

By for every i, j > with n = i + j, we have 

{Af^a-^ » C^b) ^Zb = ® ^j^-b.b) ' if a > i and hence j > b 
(A^_,_, ® Q) Af^j = (Ca ® Ap_^- A;^,, if i > a and hence b > j. 
In the first case (the other one is analogous) we have 

= (A,^,_, ® Cb) AZbh = (a ® Af_,^,) A'^^^h. 

Since {j — b) + b = j < n, we have that A^_j, {, is a monomorphism and hence Ci ® ^^1;, 6 is a 
monomorphism too. Thus Afjh = for every i,j > with n = i + j. 
Then, since Aq = 0, we have 

PoXlohQ E (A! ® Aj) o A,?^. o /. = E (A!«A])oA,?^.o/z = 

Since f3 and A^j are monomorphisms, we get h — 0. □ 

2.12. The Cotensor Coalgebra. For any object X G A4, we can define the cotensor coalgebra 
T'^ {X) as follows. As an object in M it is defined by setting 

= {X) := ®p6N^^^. 

Let Pa ■ T{X) — > be the canonical projection and let eg Idi. 
Let 

Ap,, : ^ X®P ® for every p, g e N 

be the canonical isomorphism, which is unique by Coherence Theorem. 
Still by Coherence Theorem and the definitions of Ad.o and Ao.d, one has 

{X®" <8) £o) Ad,o = , (mo ® X'^") Aom = 
so that (||) and (|7|) hold. 

By Proposition |2.5| , there there exists a unique morphism At" : T'^ ~* T''" ® T*^ such that (||) 
holds i.e. 

(12) Aoi„= E (ia ® «h) O Aa,6. 

a-\-b—n 
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Moreover (T"^, At^; , st^ — SoPo = po) is a graded coalgebra with graduation defined by I 
Let (C, Ac, ec) be a coalgebra in M. 
As explained in Section Jl^, we have that {'-^Ai'-^ , Dc, C) is a coabelian monoidal category. Further- 
more one can see that ^^\M^ has also arbitrary direct sums which commute with Dc- 
Therefore we can consider, in the monoidal category {^Ai'^, Dc, C), the cotensor coalgebra of an 
arbitrary C-bimodule M. We will denote it by 



(r^ = T§(M),ATc,e^) 



Note that 



Set 



and 



£7^0 : T"^ 



C. 



At = cWM o At : T" ^ T" T" and et- ^ ec oe^ : T" 1, 
where cCv,w : T'^\I\cT'^ — > T'^ ® is the canonical morphism introduced in Section |l| 

Proposition 2.13. Let {C,Ac,ec) he a coalgebra in M and let {M,p\j,p^j^) be a C -bicomodule. 
Let = T^{M) be the cotensor coalgebra. Then = (BnenTn graded coalgebra where 
T!f — M^'^'^ . Moreover we have 



(A/°™-in/^,,), 
(p^nM°"-i), 

Ac, 



for any m,n> 1; 
for any m >\,n — 
for any m — Q,n> 1; 
for any m = 0,n — 0. 



In particular T'^ is a strongly N-graded coalgebra. 

Proof. It follows by ( 2.12| ) and by Proposition |2.3| as (||) is clearly satisfied. 



□ 



Re mark 2.14. Note that the coalgebra structure T^{M) in Proposition 2.13 is the same introduced 
in lAMSlj Theorem 2.9]. 



We have the following result. 
Notation 2.15. Let 5 : D C be a homomorphism of coalgebras in A4. By Proposition [AMSl 



Proposition 1.10], ((1?^^)^^^^^ i^i)i.jefi) is a direct system in A4 whose direct limit carries a natural 
coalgebra structure that makes it the direct limit of as a direct system of 

coalgebras. 

From now on we set: {Dc, (■fOjew) = lhn(^^'^)ieN; where : — > Dc denotes the structural 
morphism of the direct limit. We simply write D if there is no danger of confusion. We note 
that, since D is a direct limit of coalgebras, the canonical (coalgebra) homomorphisms {Si : D^c — > 
C)igN7 which are compatible, factorize to a unique coalgebra homomorphism 5 : D ^ C such that 
Sii — Si for any i G N. 



Theorem 2.16. [AMSl, Theorems 2.13 and 2.15] Let (C, A,e) be a coalgebra in a cocomplete and 
complete coabelian monoidal category A4 satisfying ABB. Let {M,p\i,p\,j) be a C -bicomodule. 
Let 5 : D E be a monomorphism which is a homomorphism of coalgebras. Let fc ■ D ^ C 
be a coalgebra homomorphism and let fm '■ D M be a morphism of C -bicomodules such that 
/a/Ci — Oi where D is a bicomodule via fc- Then there is a unique coalgebra homomorphism 



f : D —>■ T^{M) such that pof ~ fc o,nd pif = fM, where pn ■ Tc{M) 
canonical projection. 



M°" denotes the 




12 



A. ARDIZZONI AND C. MENINI 



Moreover 

(13) PnOf = ° for any n £ 



Proposition 2.17. [ |AMS1| , Proposition 2.11] Let (C, A, e) be a coalgebra in M and let (M, p^w, Pm) 
be a C-bicomodule. Let T'^ := Tq{M). Let E be a coalgebra and let a : E ^ T'^ and (3 : E ^ T'^ he 
coalgebra homomorphisms. Lf pia = Pif3, then p„a = for any n > I. 

Corollary 2.18. Assume that A4 is also complete and satisfies ABB. Let (C, A, e) be a coalgebra 
in A4 and let {M^p\j^p\,j) be a C-bicomodule. Let T'^ := Tq{M). Let E be a coalgebra and let 
a : E ^ T'^ and [3 : E ^ T'^ be coalgebra homomorphisms. 
Then a = [3 whenever p„a = p„/3, for n = 0, 1. 



Proof. It follows by Proposition 2.17 and Lemma 2.2. □ 



Proposition 2.19. [ |AMS1| , Proposition 3.3] Let C = ®tmCt be a graded coalgebra in M. Then 

(14) rf "+^A'(^ib = 0, for every 0<b<n. 
Moreover 

C = lim(Co^'^)teN. 

Theorem 2.20. Let {A4, 0, 1) be a cocomplete and complete coabelian monoidal category satisfying 

AB5 and such that the tensor product commutes with direct sums. 

Let (C, A, e) be a coalgebra in M. and let {M^p\j^p\j) be a C-bicomodule. 

Let B be a graded coalgebra, let gc '. Bq ^ C be a coalgebra homomorphism and let g]\j : i?i — > M 
be a morphism in '~' , where Bi G A4'~^ via gc- 

Then there is a unique coalgebra homomorphism f : B T^{M) such that 

pI" ° f ^ 9C° Po and pf''of = gM o pf . 
Moreover f is a morphism of graded coalgehras where 

ft = {qm ° pf )°^* o As ^ o if for every t G N 
where A^ : B B^'^*' is the t-th iterated comultiplication of B. 

Proof. In view of Proposition 2.5, {Bq, Aq = Aq.o, £0 = sio) is a coalgebra in A^, is a coalgebra 
homomorphism and (Bi, Ao,i, Ai_o) is a i?o-bicomodule. Moreover, p^ : B ^ Bq is a coalgebra 
homomorphism (see ^ and Pi : B —> Bi is a morphism of i?o-bicomodules {B is a i?o-bicomodule 
through po ) . 

By Theorem 2.16 applied in the case when 6 is the morphism i^ : B^ ^ B and by Proposition 
2.19, there is a unique coalgebra homomorphism f : B ^ T^{M) such that 

Po" ° f = 9c o Po and ' o / = gM o pf . 

By (p^, we have 

Pt" ° f = {gM o pf) '^^ o A^B^ for any i G N. 
Let us prove there is a family (/t)jgp^ of morphisms such that 

(15) pfof^f^opf. 
By (H) we have 

(pf ®pf)AB = Af,,pf+, 

By Proposition 2.5, for every n E N, pf : B ^ i?„ is a morphism of i?o-bicomodulcs and hence of 
C-bicomodules via gc- Thus 

ipfncpf)AB^K,p^+t 

Hence there is a morphism at : (_Bi)®'^* Bt such that 

[Pi ) =atop^ . 
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Then at = (pf )°^* ° ^ oif . We have 



Pt ° J ^ [9M oPi) = (5m) °[Pij ^ [gM) oatop^. 

so that holds true for ft :— {gM)^'^* ° at = (ffA/)'^'^* ° (pf )^'^* ° A^ ^ o if. 

Now, / is a morphism of graded coalgebras if and only ii f o if = ij o ft, for every t e N. In 
view of Lemma 2^, this is equivalent to prove that o f o if — o if o ft, for every s, < G N 
which is trivially true in view of ([l5|). □ 

Remark 2.21 . In the cas e C — 1, the universal property of the cotensor coalgebra stated in 
Theorem 2.20 , differs from |3ch, Remark 2.3] where it is proved that there exists a unique graded 
coalgebra homomorphism f : B ^ Tq{M) such that /i — gM- In fact we need extra assumptions 
as ABb condition in order to establish the uniqueness of / as a coalgebra homomorphism. This 
uniqueness allows us to prove that / is graded whenever B is graded. 

Theorem 2.22. Let (C = ©„gNC„, Ac, ec) be a graded coalgebra in a cocomplete and complete 
coabelian monoidal category M satisfying AB5. Assume that that the tensor product commutes 
with direct sums. 

Let T'^ :— T^^^{Ci) be the cotensor coalgebra. Then there is a unique coalgebra homomorphism 

such that Pq o ijj = p^ and pf o ip = . 

Moreover ^ is a graded coalgebra homomorphism with 

Vm = \Pi ) ° Ap o jor every m £ 1^ 

and the following assertions are equivalent. 
(a) C is a strongly N-graded coalgebra. 

(a') A'^ I : Ca+i — > Ca ^ Ci is a monomorphism Jor every a G N. 
(6) ipn is a monomorphism for every n G N. 

(c) tjj is a monomorphism. 

(d) (C (n) ,cr^) = C^^ , for every n G N. 

(e) (C(2),c7f) = Co^-. 



Proof. In view of Propo sition 2.5, Ci is a bicomodule over the coalgebra Co so that we can consider 
T^^{Ci). By Theorem |^ there is a unique coalgebra homomorphism ip : C T^^(Ci) such 
that Pq o ip = p^ and pj o ip = pf . Moreover -0 is a morphism of graded coalgebras where 



ipt = (pf )'^* ° Ac ^ o if for every t G N 
where A^ ^ : C — + C^'^o'^ is the t-th iterated comultiplication of C. 

Since, by Proposition 2.13, T'^ is a strongly N-graded coalgebra, we can apply Proposition 2.11 
We conclude by observing that 

V'o = (pf)™oAc"^o*?=P?oj? = Idco and Vi = (pf o aJT^ o ^f = o zf = Idci 



□ 



3. Graded and Strongly N-graded Algebras 

In this section will denote a cocomplete abelian monoidal category such that the 

tensor product commutes with direct sums. Analogous results to those included in Section ^ can 
be obtained for graded algebras by a careful " dualization" . Still we would like to point out that 
here we don't need to assume that is also complete and satisfies ABb essentially because the 
analogue of Lemma 2.2 with the injections doesn't require these extra conditions. 
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Definition 3.1. Recall that a graded algebra in Ai is an algebra {A,m,u) where 

A = ©ngfsjAn 

is a graded object of Ai such that m : A (E) A ^ A is a. graded homomorphism i.e. there exists a 
family (m„) of morphisms 

= mn: ®a+b=n {Aa (E) Ab) = (A(E) A)^ A„ such that m = ©„gNm„. 

We set 

:= (^Aa Ab (A ® Aa+b^ . 

A homomorphism / : {A,mA,UA) {B,mB,UB) of algebras is a graded algebra homomorphism 
if it is a graded homomorphism too. 

Proposition 3.2. Let (A,m,u) be an algebra in M which is a graded object with graduation 
defined by {Ak)i^^jq . Fix n G N. The following assertions are equivalent. 

(i) There exists a morphism 

m„ : ®a+b=n {Aa ® Ab) = (A (g) A)^ An such that p^m = ninA [{pa Pb)a+b=n] ■ 

(ii) There exists a family (rua^b) of morphisms rua^b ■ Aa (E Ab ^ An such that 

(16) Pniri^ ^ rUa^b {Pa ® Pb) ■ 

a+b—n 

(iii) pnm{ia ® ib) — 0, for every a, 6 G N, a + 6 ^ n. 

Proof. It is analogous to that of Proposition p.3| . □ 
Proposition 3.3. 1) If {A = (BnefiAn,m,u) is a graded algebra in M, then 

(17) m{ia ® ib) = ia+bma,b, for every a,b eN. 

2) Let (A,m,u) be an algebra in M which is a graded object with graduation defined by (^fe)j,gpf . 



// there exists a family (rria.b) ^^^^ of morphisms ma,b '■ Aa ® Ab ^ An such that holds, then 
(A = (BnenAn, rn, u) is a graded algebra in M.. 

Proof. 1) By definition, we have 

ia+bma,b = ia+brUa+bla'b^ = "iV [(i„ ® iv)u+v=a+b\ la'b^ = ® 

2) By the universal property of coproducts there is a unique 

m„ : ©a+6=n {Aa®Ab)^{A®A).^^ An 

such that "T,„7^[j^ — ma,b for every a, 6 G N such that a + b = n. For every n, a, 6 G N such that 
a + b — n, we have 

= mV [{lu lv)u+v=a+b\ la,b = ™(«a ® «&) - ia+bma,b = hiTUnla^b 

SO that mV [(i„ iv)u+v=n] = ««™ri- □ 

Proposition 3.4. 1) Let A = (BnenAn be a graded object of Ai such that there exists a family 
{"ma b) 

ma,b ■■ AaiSiAb^ Aa+b, 

of morphisms and a morphism uq : 1 ^ Aq which satisfy 

(18) ma+b,c (Wa.fe 'S> Ac) = ma,b+c {Aa TUb^c) , 

(19) md,Q (Ad ® uo) ^rAa, mo,d (uq ®Ad)^lAa, 



for every a,b,c £ N. Then there exists a unique morphism m : A (E) A ^ A such that holds. 
Moreover (A ©„gN An, m,u = iqWo) is a graded algebra. 
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2) If A is a graded algebra then ( |jq j holds, u = iopou so that u is a graded homomorphism, and 
we have that ( |7^ and ( fJ^ j hold for every a,b,c £ N, where uq — pqu. 

Moreover (Ao,mo = mo,o,uo — Pou) *s an algebra in A4, po is an algebra homomorphism and, 
for every n G N, (A„, mo,n, m„^o) o,n A^-bimodule such that i„ : An ^ A is a morphism of 
Ao-bimodules (A is an Ag-bimodule through io). 

Proof. 1) Since the tensor product commutes with direct sums, we have that A^A = ©o,bGN (Aa ® At) . 
Thus, by the universal property of coproduct there exists a unique morphism m : A(E) A ^ A such 
that holds. 



The remaining part of the proof is similar to that of Proposition 2.5 



2) It is analogous to Proposition 2.5, □ 



Given an ideal (/, ij) of an algebra A in A4, one can define as for ordinary algebras, the iterated 
n-th power /" of / in A (see e.g. |AMS2| , Example 3.2]). 

Definition 3.5. Let {A = (Bn£NAn,rn,u) be a graded algebra in A4. In analogy with the group 
graded case, we say that A is a strongly N-graded algebra whenever 



1 Aj — > Ai^j is an epimorphism for every i,j G N, 



where mfj is the morphism of Definition 

Proposition 3.6. Let {A — ©„£Nyl„, m^i, u^) and {B = ®neV\Bm'mB,UB) be graded algebras in 
A4. Let f : A B be a graded algebra homomorphism. Assume that A is a strongly N-graded 
algebra. 

Then the following assertions are equivalent 

(a) fo and fi are epimorphisms and B is is a strongly N-graded algebra. 

(a') /o and fi are epimorphisms and i : Ba®Bi B^+i is an epimorphism for every a G N. 
(6) /„ is an epimorphism for every n G N. 

(c) / is an epimorphism. 

(d) fo and fi are epimorphisms and [B [n] ^v^ ) ^ B [1]" , for every n G N. 

(e) fo and fi are epimorphisms and {B [2] , 1^2 ) = ^ [1] • 



Proof. It is analogous to that of Proposition 2.11. □ 



3.7. The tensor algebra. For any object X G M, we can define the tensor algebra T {X) as 
follows. As an object in M it is defined by setting 

T = T{X) :=©pgN^®^. 

Let ip : X'^p T{X) be the canonical injection and let uq :~ Idi. 
Let 

mp,g : X®P ® X®'^ x'^P+i, for every p, q G N 
be the canonical isomorphism, which is unique by Coherence Theorem. 
Still by Coherence Theorem and the definitions of m^.o and TOo,d, one has 

(20) mp+g^r [mp^q (g) X'^''] = nip^g+r [^®^ <E) nig^r] ■ 
md,o {X'^'^ (g) uo) = rx»<i, mo,d {uo X®'^) = lx»d 

so that (HI) and ([l9|) hold. 

By Proposition 3^, there exists a unique morphism : T (^T ^ T such that ([l7| ) holds, i.e. 

(21) niT o {ip (g) ig) — ip^g o nip^g, for every p,q 

Moreover (T,mT,UT — io^o = *o) is a graded algebra with graduation defined by (X'^^')pgpj. 
Note that 

mr ©pgn (V[(m,j),;+,=p]) : T{X) ® T{X) ^ T{X), 
where V[{mij)i+j=p] : ®i+j=p (AT®* (3 AT*^^) — > X'^p denotes the codiagonal morphism associ- 
ated to the family {mij)i^j=p. Let {A,mA,UA) be an algebra in A4. 

As explained in Section |l|, we have that {a-Ma, '^a-, A) is an abelian monoidal category. Further- 
more one can see that A-M.A has also arbitrary direct sums which commute with ®a- 
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Therefore we can consider, in the monoidal category {aMa,^a,A), the tensor algebra of an 
arbitrary A-bimodule M. We will denote it by 

{T^TA{M),mT,W). 

Note that 

T = ©pgNAf^-^P, rriT :T(g,AT -^T and uf.A^T. 

Set 

rriT = rriT o aXt,t '-T ®T T and ut = ur o : 1 T, 
where aXt,t :T ®T — > T ®a T is the canonical morphism introduced in Section |^. 

We have the following result. 

Proposition 3.8. Let {A, niA, ua) be an algebra in Ad and let {M, ji^j, ix\j) he an A-himodule. Let 
T = Ta(M) be the tensor algebra. Then (T — ©„gNT„, mx, ut) is a graded algebra in {A4, (E), 1), 
where T„ = ]\/[^An^ Moreover we have 

M®^''-!), for any u,v>l; 
^r^)^ fg^ anyu>l,v^ 0; 

luij M®-*"-i), for anyu = 0,v> 1; 

ruA, for any u = 0,v = 0. 

In particular T is a strongly N-graded algebra. 

Proof. Follows by (3.7) and by Proposition 3.3 as ( [l7| ) is clearly satisfied. □ 



We are now able to state the Universal property of the relative tensor algebra. 

Theorem 3.9 (Universal property of the relative tensor algebra). Let {A4,®,1) be a cocomplete 

abelian monoidal category such that the tensor product commutes with direct sums. 

Let A, B he algebras in M. and let fA '■ A B he an algebra homomorphism. 

Let M G AAdA, and let fM : M ^ B be a morphism in aA4a, where B e aA4a wo /q. 

Then there is a unique algebra homomorphism f : Ta{M) — > B such that 



M ^Ta{M) 



..■■/■■■■■ 



B^ A 

J A 

where i() : A ^ Ta{M) and ii : M ^ Ta{M) are the canonical injections. 
Moreover 

/ o zf = m^-i o (/m)®^* for every t G N, 
where rrfg^ : iJ®-** ^ B is the t-th iterated multiplication of B . 

When i? is a graded algebra the universal property of Ta{M) has a graded version which is the 
following. 

Theorem 3.10. Let (A^,®,!) he a cocomplete abelian monoidal category such that the tensor 
product commutes with direct sums. Let A be an algebra in M and let M G aMa- 
Let B he a graded algebra, let gA ■ A ^ Bq he an algebra homomorphism and let gM : M — > _Bi he 
a morphism in aM.a, where Bi G aA4a via gA- 

Then there is a unique algebra homomorphism f : Ta{M) — > B such that 

f ° "Iq ° 9A and foiJ^ifogM- 

Moreover f is a morphism of graded algebras where 

r B t-l (-B \®At J. ^ RJ 

ft=^Pt orug o [i-^ ogM) for every t£N 
andrrfg^ : S®-^* B is the t-th iterated multiplication of B. 



Proof. It is analogous to that of Theorem 2.20. □ 
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Theorem 3.11. Let (A — (BneNAn,mA,UA) be a graded algebra in a cocomplete abelian monoidal 

category M.. Assume that the tensor product commutes with direct sums. 

Let T := TAa{Ai) be the tensor algebra. Then there is a unique algebra homomorphism 

such that ip o i'^ — i^ and tp o i'f — ■ 

Moreover Lp is a graded algebra homomorphism with 

(fit — Pt ° "^A ° VI ) J'^^ every t E \S 
and the following assertions are equivalent. 
(a) A is a strongly N-graded algebra. 

(a') m-^^ : Aa (8" — > Aa+i is an epimorphism for every a G N. 
(6) ipn is an epimorphism for every n £ N. 

(c) if is an epimorphism. 

(d) {A [n] , ly^) = A [1]" , for every neN. 

(e) {A[2],:.^)=A[lf. 

Proof. It is analogous to that of Theorem 



2.22. □ 



4. Braided Bialgebra Structure of the Cotensor Coalgebra 

The main aim of this section is to provide a braided bialgebra structure for the cotensor coalgebra 
inside a braided monoidal category. This structure is used to extend the notion of bialgebra of type 



one, introduced in the cl assi cal case by Nichols in | Ni | , to the wider context of a braided monoidal 



Theorem [4. 7|). 



category (see Definition 6/7). A universal property for the cotensor bialgebra is also proven (see 



4.1. Braided bialgebras. A braided bialgebra in (7W,c), is a sextuple {H,m,u, A, e) such that 
{H, m, u) is an algebra in A4, {H, A, e) is a coalgebra in Ai and this two structure are compatible 
in the sense that 

(22) Aom — {m®m)o [H ® c® H) o (A ® A) and mi o [e ® e) = e om. 

Definitions 4.2. Let {B, mB,UB, Ab,Sb) be a braided bialgebra in a cocomplete braided monoidal 
category {Ai, c). Then B is called a graded braided bialgebra if i? is a graded object with graduation 
defined by (-Bfc)j,gpj and if, with respect to this graduation, {B,mB,UB) is a graded algebra and 
{B,Ab,Sb) is a graded coalgebra. A morphism f : A ^ B between graded braided bialgebras is 
called a morphism of graded (braided) bialgebras whenever it is both a morphism of graded algebras 
and a morphism of graded coalgebras i.e. if it is a bialgebra homomorphism which is also a graded 
homomorphism. 

Definition 4.3. Let H he a braided bialgebra in {M, c) . 

An object in b-^h is a 5-tuple (M, ^^v/i Pmj Pm) such that 

• (M, /LiJ^, /z'^) is an i?-bimodule; 

• (^M , p\j , p\,j) is an _ff-bicomodule; 

• the following compatibility conditions are fulfilled: 

(23) p\.I^J}M = (™H ® Ai) {H ® CH.M M) {Ah ® Pm) , 

(24) piffili = {mH(® P.m){H ®CM,H®H){p\,i® Ah) , 

(25) pWMm = (a^m ® ^h) {H ® CH,M ® H) {Ah ® Pm) , 

(26) PmpIi = {filf (g) mn) {M CH.H ® H) {fit Ah) . 

Proposition 4.4. Let {M,c) be a cocomplete coabelian braided monoidal category and let C ~ 
(BnefiCn be a graded coalgebra in A4. Assume that the tensor product commutes with direct sums. 
Then {C ® C, Ac(g)C, ec(»c) "is a graded coalgebra where 

Ac^c : C®C ^-^^ C^C^CC^C'''"'-^'''' C®C®C®C, ec^c : C®C ^^-^^ 1^1 ^ 1. 
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and with graduation given by (C (g) C)„ — ®(j^f,^„ Ca Cb- 
Moreover, for every s, i G N we have 



(27) Aff ^ := V 



H {iff ® ff) {C^ ® cc,fi^ ® a) (A,,, ® A„,,) 



Proof. It is well known that (C (8) C, Api^C: £C(8c) is a coalgebra (it is dual to |Mjl 



Lemma 



9.2.12, page 438]). Let us check the part of the statement concerning the graduation. In view of 
Proposition 2.3, since C is a graded coalgebra, for every n G N there exists a family (Aq^;,) 

of morphisms Aa^f, : Cn ^ Ca® Cb, such that (||) holds true. For every s,t e N define A^f*" : 
(C ® C')^^j (C ® C)^ (C ® C)j accordingly to (p7|). It is straightforward to prove that 



□ 



Theorem 4.5. Let H be a braided bialgebra in a cocomplete and complete coabelian braided 
monoidal category {A4,c) satisfying AB5. Assume that the tensor product commutes with direct 
sums. 

Let {M, //^vf J P\ii P^m) ^6 H-^H- — '^ui-^^) cotensor coalgebra. Then there are 

unique coalgebra homomorphisms 

myc : T" ® T" T" and ut- : 1 ^ 

such that the diagrams 



(28) 



■M 



"Iff (po®Po) 



A'm(po®Pi)+A'm(pi®Po) 




are commutative, where Pn '■ T'^ — » A/^^" denotes the canonical projection. Moreover (T'^ , , ut^ , 
is a graded braided bialgebra in A4 . 



Proof. First of all, by Proposition 4.4, we have that {E ~ ®T'^, IS.e,Se) is a graded coalgebra 
where 

EE : T^®T^'"^"^ 10 1^1. 



Since T'^ = ®nmTn is a graded coalgebra, we have that (||) holds so that, by Proposition 2.13 , we 
have 

(po ®po)At- = A_f/po and (po ®Pi)At- = p\iPi- 

Set 

:= niH -.Eq^ H®H H and 54/ := V [(^^m: A^m)] : Ei = {H ® M)®{M ® H) ^ M. 
Then gn is a coalgebra homomorphism: 

A//gH = AnmH = (m^ niH) {H (g) c//,_h (g) H) {Ah A//) = {gn ff//) Ah^h- 
Moreover gM is a morphism of left iJ-comodules 



(5h ® 5m) A^'^' 



(m/f ® (H ® CH.H ® M) {Ah ® Pm) , 
{mn ® A^m) (H ® CMM ® i?) (pm ® Ah) 
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Analogously Pm9m = [gm ® gn) A^^®"^ , i.e. gn is a mo rphism of right i?-comodules and hence a 
morphism of iZ-bicomodules. By applying Theorem 2.2C to the case "C" = H and "B" = H ® H , 
using the maps gu and gn above, we get a unique coalgebra homomorphism mT" — f : E ^ T"^ 
such that the left side of (Qm is commutative so that 



and 



Since T^^T"® T" is a coalge bra a nd mr- (tot- ® T") and tot- (7"" 
morphisms, then by Corollary p. 18 , we obtain 



® rriT': ) are coalgebra homo- 



TOyc (m^c (g) T*^) = m^c (T*^ 



Set 



gn 



and 



g^v/ := : ^ Af. 



Then g'^j is a coalgebra homomorphism and g'j^j is a morphism of _ff-bicomodules. By applying 
Theorem 2.20 to the case i? = 1, we get a unique coalgebra homomorphism ut^ = J' : 1 ^ 



such that the right side of g8| is commutative so that 

PoniTc {uT- ® T") = niH {uH ® H) (1 «,pn) ^ Ih {i®Po) = Poh" 

PlTOT- (UT- «> T=) ^l\.i{uH(SM){l(g,pi):^lM{l(E>Pl)^PllT-. 

Since 1 (g) T"^ is a coalgebra and tot- (mt- ® T"^) and r^c are coalgebra homomorphisms, then by 
Corollary 2.1^, w e have to^c {ut" ^ T'') = /tc. Analogously m^c (T'^ (8) ut-) = ''t-- Now, in view 
of Theorem 2.2C, tot- and ut- are graded homomorphisms so that (T'^, tot-, ut-, At-, £t-) is a 
graded braided bialgebra in A^. □ 

Remark 4.6. Let M be an object in a cocomplete and complete coabelian braided monoidal 
category (A^,c) satisfying AB5. Assume that the tensor product commutes with direct sums. 
By applying Theorem 4.5 to the case H — 1 we endow the cotensor coalgebra = Tfj{M) with an 
algebra structure such that becomes a braided bialgebra. This algebra structure is the braided 
analogue of the so called "Shuffle Algebra" in the category of vector spaces. 

Theorem 4.7. Let H he a braided bialgebra in a cocomplete and complete coabelian braided 
monoidal category (A^,c) satisfying AB5. Assume that the tensor product commutes with direct 
sums. 

Let {M , , fi'^j^j , , p^pj) be in ^A4^. Let T'^ — Tfj{M) be the cotensor coalgebra. 

Let S : D E be a monomorphism which is a homomorphism of coalgebras. Assume that there 

exist morphisms 

mjj : D ® D ^ D and Uf^ : 1 
such that ^Z?, TOjj, u^, Ajj, Ejj, ^ is a braided bialgebra in A4. 

Let ffj : D ~y H be a bialgebra homomorphism and let fM '■ D M be a morphism of H- 
bicomodules such that /a/^i = 0, where D is a bicomodule via fjj. Assume that 

(29) /AfTO^ = pl\j {fH ® fM) + Um ® fn) 

(i.e. is a derivation of D with values in the D-bimodule M , where M is regarded as a bimodule 
via fn)- Then there is a unique coalgebra homomorphism f : D —> Tfj{M) such that pof = fn 
and pif — f]\i, where Pn : T^{M) AI^''^ denotes the canonical projection. 




Moreover f is a bialgebra homomorphism. 
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Proof. By Theorem 2.16, there is a unique coalgebra homomorphism f : D ^ T^{M) such that 
Pof = fn and pif = fu. We have 

PimTo{f ® f)^ p\.j{fH® fM)+ t^\.i{fM® Ih) = fM'm^=pifm^. 
We also obtain 

fniu^ = /M"^5 ("5 ®> u^) ^ p\,[ {Jhu^ (g> Jmu^) ^ + p\,[ {Jmu^ ® fnug) m^^ 
= fi^j (uH ® fmu^) m^^ + p\[ {fMUg ® uh) mj^^ = fnu^ + Jmu^ 
so that fhiUf^ — and hence, by Theorem ^.16| 



and 



Pifu^ = fnu^ = = piUT". 



Since tot<: if ®> f) , fiT^o : D (g) D ^ T'^ and /u^j, ut<: : 1 — > T*^ are coalgebra homomorphisms and 
since, for i — 0,1, 



PiTUTo (/ ® /) = Pifm^ 



and 



PifUf. = PtUT-, 



then, by Corollary 2.1g , we get that mT<: if ® f) ^ ^-^d /ujj = mt^ i-e. that / is an algebra 



homomorphism. 



□ 



5. Graded Braided Bialgebra Structure of the Tensor Algebra 

In this section ((A^, ®, 1) , c) will denote a cocomplete abelian braided monoidal category such 
that the tensor product commutes with direct sums. 

Next aim is to provide a braided bialgebra structure (see 4.1) for the tensor algebra inside a 
braided monoidal category. 

Proposition 5.1. Let A = (BneN^n be a graded algebra in M. Then [A® A,mA^ATUA(g,A) *s o, 
graded algebra where 

niA^A ■■ A® A® Aig A — > A^A^Ai^A — >A<gA, u^^a : 1 ^ 1 1 — > A A. 



and with graduation given by (A ® A),^^ = ®a+b=n ® ^b- 



Proof. It is similar to the proof of Proposition 4.4 



□ 



Theorem 5.2. Let H be a braided bialgebra in a cocomplete abelian braided monoidal category 
{A4,c). Assume that the tensor product commutes with direct sums. 

Let [M , p,\i , , p\j , p\j) be in ^A4^. Let T = Th{M) be the tensor algebra. Then there are 
unique coalgebra homomorphisms 



At : T T ® T 



st-.T 



such that the diagrams 
(30) 



M- 



■.T 



(io®il)PM + (*i®*o)PM 



T®T- 



(io®io)AH 



H 




are commutative, where in : M®"" T denotes the canonical injection. Moreover (T, mx, ut, At, et) 
is a graded braided bialgebra in M. . 



Proof. It is analogous to the proof of Theorem 4.5 



□ 



We are now able to state the universal property of the tensor bialgebra. 
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Theorem 5.3. Let H be a braided bialgebra in a cocomplete abelian braided monoidal category 

{M., c) . Assume that the tensor product commutes with direct sums. 

Let [M , , , p\i , p^j^) be in ^A4^. Let T = Th{M) be the tensor algebra. 

Let E be a braided bialgebra in A4 . 

Let fn : H ^ E be a bialgebra homomorphism and let /m : M ^ E be a morphism of H-bimodules, 
where E is a bimodule via fn- Assume that 

^e/m = Uh ® Im) Pm + Um ® Ih) Pm 

(i.e. is a coderivation of E with domain the E-bicomodule M, where M is regarded as a 

bicomodule via fn)- Then there is a unique algebra homomorphism f : Th{M) — > E such that 
fio = fn and fii = Jm, where i„ : M®"" — > Th{M) denotes the canonical injection. 



M ^Th{M) 



/a, 



..-/■■ 



E^ H 



Moreover f is a bialgebra homomorphism. 



Proof. By Theorem 3.S, there is a unique algebra homomorphism / : T E such that fio = fu 
and fii — fM- The rest of the proof is similar to that of Theorem [4.7[ □ 

6. Braided Bialgebras of Type One 

Even if not all the assumptions are always needed, in this section {{M.^ (8), 1) , c) will denote a 
cocomplete and complete abelian coabelian braided monoidal category satisfying ABb and such 
that the tensor product commutes with direct sums. 

Lemma 6.1. Let {B,mB,UBT ^Bt^b) be a graded braided bialgebra in {A4,c). Then 

1) (-Bq, Wq^Oj "f-Oi ^o,Oj ^o) is o, braided bialgebra. Moreover both Pq and i^ are bialgebra homo- 
morphisms. 

2) (-BiW^Si "*i,0:AiBi = mas,PBi = ^i,o,Psi ^o,i) is an object in s°A^i°- 

3) if is a morphism of Bo-bimodules, where B is a B^-bimodule via i^ , and we have 

AB^f = {io ® «f ) + (if ® i^) Ai,o 

(i.e. if is a coderivation of B with domain the B -bicomodule Bi, where Bi is regarded as a 
bicomodule via i^ ). 

4) pf is a morphism of B^-bicomodules, where B is a B^-bicomodule via Pq , and we have 

pfniB = mo,i {pq ®pf) +mifl {pf ® Pq) 

(i.e. pf is a derivation of B with values in the B-bimodule Bi, where Bi is regarded as a bimodule 
via p^). 

Proof. We prove the stat ements by means of (p^). 

1) By Proposition |2.5|, (i?o, Aq = Ao,o,£o = ^b^q) is a coalgebra in M and «^ is a coalgebra 
homomorphism. By Proposition |3.4| (i?Oi "^-o — n^'Ofl, uq — PqUb) is an algebra in A4 and Pq is an 
algebra homomorphism. 

By (p^, (||) and by naturality of the braiding we obtain 

(mo,o ® TOo,o) {Bo CBo.Bo So) (Ao,o «> Ao,o) 
= (pf ® ) (ms ® tob) {B CB^B <Si B) {Ab ® As) (if ® if) 



@ (pf ® pf ) Asms (if ® if) = Ao,oTOo,o- 



Moreover 



mi {eo <8) Eo) = {eb ® Sb) (if ® if) ^ eBm-B (if if) esif mo,o = £0^0,0 
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SO that (i3o, ^0,0, Wo, Ao,o, eo) is a braided bialgebra. 

Let us check that {q is an algebra homomorphism. We have 

IN (0' B 
] ^ Zg mo,o. 



Moreover, by Proposition 



^uq. Thus iQ is an algebra homomorphism. 



Similarly, by means of and of Proposition pT^ , we get that Pq is also a coalgebra homomorphism. 
2) By (EBI), (@) and by naturality of the braiding we obtain 



(31) 



{Po ® pf ) {mB ® me) {B cbm ® B) (As ® As) 



(mo,o mi,o) (Bo csi,Bo ® ^o) [Ao,ipf Ao,oP^] + 
+ (mo,o n^oa) (^o cbo,Bo ® ^i) [Aq^oP^ ® Ao^pf ] 

Hence, by (^), ( p^ ) and by naturality of the braiding we obtain 
Ao,imo,i = (pf pf ) Abtob (i^ if) 



(0 



(pf 0pf ) (TOi3 niB) {B CB^B B) (As As) (i^ i\ 



(mo,o mo,i) (Bo ® CB„,Bo ® Bi) [Aq^o Ao,i] 
Similarly we get (|24|), ^) and (p6|). 



3)-4) follow in view of Proposition 2.3 and 3.2 



□ 



Theorem 6.2. Let H be a braided bialgebra in a cocomplete and complete abelian and coabelian 
braided monoidal category (A4,c) satisfying AB5. Assume that the tensor product commutes with 
direct sums. 

Let {M , fi\,j , n'^j^j , p\j , p\,j) be in ^Ai^- Let = Tfj{M) he the cotensor coalgebra. 
Let B be a graded bialgebra, let gn : Bq H be a bialgebra homomorphism and let gM : Bi ^ M 
be a morphism of H-bicomodules, where Bi is an H-bicomodule via gn, o-nd a morphism of Bq- 
bimodules, where M is a B^-bimodule via gn- 

Then there is a unique coalgebra homomorphism f : B ^ Tfj{M) such that 

pI" ° f ^ 9H o Po 
Moreover f is a graded bialgebra homomorphism. 



and 



pT of 



9M op?- 



Proof. By Theorem 2.20, there is a unique coalgebra homomorphism f : B ^ T^{M) such that 
Pq ° / = 9h o Pq and p^ o / = gM ° pf ■ Moreover / is a morphism of graded coalgebras. On the 
other hand, set 

fn := gH o Po and /m gM o pf . 

By Lemma 6.1, we have 

pfruB = mo,i {pq pf ) + TOi,o (pf Po) ■ 
M is a morphism of Bo-bimodules, where M is a Bo-bimodule via gn^ we get 



Since gM '■ Bi 

fM o ruB 



gM opf o niB 



Ai ° (gn gM) o {po ® pf ) + Mm o {gM gn) o (pf p^) 

° ifH fM) + IJ-M o {fM fn) ■ 



Hence, by Proposition p. 19 and Theorem 4.7, there is a unique coalgebra homomorphism f : B ^ 
Tfj{M) such that pof — fn and pif — Jm- Moreover /' is a bialgebra homomorphism. By 
uniqueness f = f ■ □ 

Theorem 6.3. Let H be a braided bialgebra in a cocomplete and complete abelian and coabelian 
braided monoidal category {A4,c) satisfying AB5. Assume that the tensor product commutes with 
direct sums. 

Let [M , , ^ p\,j , p\.[) be in ^Ai^. Let T = Th{M) be the tensor algebra. 

Let B he a graded bialgebra, let gu : H ^ Bq be a bialgebra homomorphism and let gj^i : M Bi 



BlALGEBRAS OF TYPE OnE IN MONOIDAL CATEGORIES 



23 



be a morphism of H-himodules, where Bi is an H -bimodule via gn, and a morphism of Bq- 
hicomodules, where M is a Bo-bicomodule via gn- 

Then there is a unique algebra homomorphism f : Th{M) B such that 

foil = i^ogH and foi{ = ifogM. 
Moreover f is a graded bialgebra homomorphism. 



Proof. It is analogous to the proof of Theorem 5.2. □ 



6.4. Let f : X ^ X' he a. graded homomorphism in A4. Hence / = ©neN/n for suitable morphisms 
/„ : Xn ^ X^, for every n e N. Write 

fn='ipn° 

where (pn '■ Xn — > Im(/„) is an epimorphism and ijjn : Im(/„) — > X'^ is a monomorphism. Sinee 
M. satisfies AB5, it is in particular an ABA category. Hence coproducts are both left and right 
exact. Thus 

<y5/ := ©«6N¥'n : ^ ®„eNlni (/„) and ipf := ®neN'4'n ■ ®„GNlm (/„) X' 
are an epimorphism and a monomorphism respectively. Moreover 

/ = ffineN/n = (©riGNV'n) O i®nefiVn) =^f O ip f . 

In particular we obtain Im (/) — ©„gNlni (/„) so that Im {f)^ — Im (/„) for every n £N. We would 
like to outline that the last statements do not in general hold without assuming AB5. Clearly if 
/„ — Idx„ we can choose '0„ = ipn = Idx„ • 

Proposition 6.5. Let f : A ^ A' be a graded braided bialgebra homomorphism in {M,c). Then 
Im (/) can be endowed with a unique graded braided bialgebra structure such that iff : A ^ Im (/) 
and Ipf : Im(/) — > A' are graded braided bialgebra homomorphisms. 
Furthermore 

1) is epimorphism and ipf is a monomorphism in Ai. 

2) Im = Im (/„) for every n e N. 

Proof. Set B = Im (/), B„ = Im (/„) , (ys = (p/ and ip ^ipf. 

Since (Im (/) , ip) = Coker (ker (/)) , it is clear that Im (/) can be endowed with a unique algebra 
structure such that p is an algebra homomorphism. 

Since (Im (/) , tp) = ker (Coker (/)) , it is clear that Im (/) can be endowed with a unique coal- 
gebra structure such that "0 is a coalgebra homomorphism. 
Let us check that p is also a coalgebra homomorphism. We have 

(V"8) V") ° ° P = A^' OTp O ip ~ Aa' ° f ~ {f ® f) ° = {ip ® Ip) O {ip Ig) p) O Ayl, 

EBOp = EA' oip o p = EA' o f ^ SA- 

Since tp is a monomorphism and A4 is a coabelian monoidal category, we get that ip (Ei ip is a 
monomorphism so that 

Ab o p — {ip (E) ip) o Aa and eb ° p — £a 

and hence p> is also a coalgebra homomorphism. 

Similarly it can be proven that ip is also an algebra homomorphism. 

Let us check that i? is a braided bialgebra. Since is a bialgebra homomorphism, A is a braided 
bialgebra and by naturality of the braiding one computes 

[tub €5 tub) o {B ig) cb,b ® B) o (Ab ® A^) o (p ^ p) = Ab o tob o {(p g ip) 
Eb o rnB o [ip ® ip) = mx o [eb ® Eb) o [p> ® p>) . 
Since (/? (/? is an epimorphism we get ( p2[ ) for B. 

By Proposition 2.4 in order to prove that B — (BnenBn is a graded coalgebra we have to check that 
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there are morphisms : Ba+b Ba®Bb, such that (pf )oA_b = ^ab°Pa+b^ f'^'^ every a, 6 G 
N. Set 

Af,, := [B.^b ^"^^ B^-^B^B ''^'^ B^ 8 Bb 
Since is a graded coalgebra homomorphism, by (^), one easily checks that 

Kb°Pa+b O = (pf «)pf ) O As O 

Since ip is an epimorphism, we get Af ^ ° Pa+b ~ (Pa ®Pb) ° that is i? is a graded coalgebra. 
Similarly one proves that B is also a graded algebra and hence a graded braided bialgebra. 
Clearly both ip and ip ar e graded braided bialgebra homomorphism. 

1) and 2) follow by (U). □ 



Theorem 6.6. Let H be a braided bialgebra in a cocomplete and complete ahelian coabelian braided 
monoidal category {M.,c) satisfying AB^. Assume that the tensor product commutes with direct 
sums. 

Let (M, ^ilJ, pli,pij) be in gTUf . Let T ^ Th{M) and = T^(M) 
Then there is a unique algebra homomorphism F — Fh.ai ■ T 



.rpc 
1 ^ 



T"^ such that Fi'^ — ij^ and 



M- 



Tfj{M) ' 



Th{M) 



H 



Moreover F is a graded bialgebra homomorphism such that Fq = Idn and Fi = Idjv/- 
Write F = ipp o ifp as in Proposition 6.5, where tpp ■ T Im(_F) and ijjp : Im (i^) — > T'^ are 
graded braided bialgebra homomorphisms, ipp is epimorphism and iJjp is a monomorphism in JVI. 
We have: 

1) Im is a graded braided bialgebra such that lTa{F)^ — H and lni{F)^ = M. 



2) ifF is the unique algebra homomorphism such that ipp o — and ipp o 



in Theorem 3.11 



.Im(F) 

as 



3) ipp is the unique coalgebra homomorphism such that p^ oijjf 



as in Theorem 2.2^ . 



Im(F) , T" I Im(-F) 

■ Pq and p{ o %pp — p^ ^ ' 



Proof. Set B = Im (F) . In view of Theorem 4.5 T'^ = Tfj{M) is a graded braided bialgebra 



By Corollary |6.3| there is a unique algebra homomorphism F : T ^ T'^ such that F o i"^ — i"^ 



and F o i{ = i f . M oreover is a graded bialgebra homomorphism. 
By Proposition |6.5i we have that Im {F) is a graded braided bialgebra such that Im {F)^ = Im (F„) 
for every n e N. Moreover we can write F = ip o ip where (p = (pp : T —>■ Im (F) and 'ip = ^p : 
Im [F) — > T'^ are graded braided bialgebra homomorphisms, (p is an epimorphism and is a 
monomorphism in Ad. Since F is graded we have 



Fo=Pq oFoi^ ^Pq oig 



Id 



H 



and 



- p^ o F o 



■ pT ° i'l'^ 



Id 



M- 



Then Im(F)o = Im(i^o) = H and Im(F)^ = Im(i^i) = M. Now, since F^ ^ IAr and Fi = Ma/ 
we can choose p)Q — %pQ = Idn and pi = ijji = Idj\/ so that ip o i^ — i^ and Pn = Pn ° "0 for 
n = 0, 1. □ 



Definition 6.7. Take the notations and assumptions of Theorem 6.6. Following ^ 
let 

iH[M],iH[M]) = {lHF),^F). 

Then H[M] is a graded braided bialgebra such that H[M]o = H and H[M]i = M. 
This will be called the braided bialgebra of type one associated to H and M. 



page 1533], 
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Theorem 6.8. Let {B,mB,UB, ^b,£b) be a braided graded bialgebra in a cocomplete and complete 
abelian coabelian braided monoidal category [M,c) satisfying AB5. Assume that the tensor product 
commutes with direct sums. 

1) There is a unique algebra homomorphism 

ip:TB,{Bi)^B 

such that (p o ig — i^ and (p o ij — if ■ Moreover if is a graded bialgebra homomorphism. 

2) There is a unique coalgebra homomorphism 



^■.B^T^(B^) 



■ Pi . Moreover tp is a graded bialgebra homomorphism. 



such that Pq oip ^ p^ and p^ o ip 
3) ip o ip = F where F : Tb„{Bi) — > T^^{Bi) is the morphism defined in Theorem 6.6. In 
particular F is a graded bialgebra homomorphism. 

Furthermore the following assertions are equivalent 

(a) B is strongly N-graded both as an algebra and a coalgebra. 

(6) if is an epimorphism and ^ is a monomorphism. 

(c) ip = ifp and Ip — Tpp. 

(d) B = Bq [Bi] is the braided bialgebra of type one associated to Bq and Bi. 



Proof. l)-2) By Lemma 3.1, we can apply Theorems 6.3 and 6.2. 

3) By Theorem S.6, there is a unique algebra homomorphism F 
that F o i^ — 

Fq — Mh and Fi = Mm- Since 

Ip o if o i^ — tp o il^ o ifQ — ig o ipQ o ifQ 



Tb,{Bi) ^ such 

and F o ij — ij'' . Moreover is a graded bialgebra homomorphism such that 



, Tp o ip o ij — Tp o if o ipi = o ipi o ipi = if , 

we infer that F = ip o p. By Proposition |6.5| , Im {F) can be endowed with a unique graded braided 
bialgebra structure such that ipp : T ^ Im (F) and ipp : Im (F) T"^ are graded braided bialgebra 
homomorphisms. Furthermore Im {F)^ = Im {Fn) for every n G N, we can write F = ipp o ipp^ ipp 
is an epimorphism and V'.f is a monomorphism in A4. 
(a) ^ (b) It follows by Theorems |3.1l| and ^.22[ 

(6) ^ (c) By hypothesis, since the category 7W is abelian, B identifies as an object with Im {F) = 
Bq [Bi]. By uniqueness in 2) and 3) of Theorem 3.6 and in view of 1) and 2) above, we get ip = ipp 
and Ip = 1pp. 

(c) =^ (d) Since the graded braided bialgebra structure of B and of Im {F) make (pp : T B and 
Ipp : B T'^ graded braided bialgebra homomorphisms, by Proposition 6.5, the two structures 
coincide. 

(d) ^ (c) Since B = Im(F) , it follows by 2) and 3) in Theorem 6.6. 
(c) ^ (6) It is trivial. 



□ 



Remark 6.9. 
conditions in Theorem |3.11 
conditions in Theorem 



Recall that ip is an epimorphism if and only if it fulfills one of the equivalent 
and ijj is a monomorphism if and only if it fulfills one of the equivalent 



2.22. In particular we have the following result. 



Theorem 6.10. Let (B, ms, ub, As, eb) be a braided graded bialgebra in a cocomplete and complete 
abelian coabelian braided monoidal category (^A, c) satisfying ABb. Assume that the tensor product 
commutes with direct sums. 

Then B is the braided bialgebra of type one Bq [Bi] associated to Bq and Bi if and only if 



{B [2],z.f)=B[lf 



(i?(2),af) = <- 



7. Radford- M A jiD bosonization 

In this section {{Ai, ®, 1) , c) will denote a cocomplete and complete abelian coabelian braided 
monoidal category satisfying AB5 and such that the tensor product commutes with direct sums. 
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7.1. Let (iJ, iriH, uh, A/f , eh, Sh) be a braided graded Hopf algebra with invertible antipode Sh- 
By |Bes, Theorem 3.4.3], {{jjyD , ®, l) , ^t) is a braided monoidal category, where, for every 
{U, ^I'^jj, , iy, ^'y, p\r) e ^yV {M), the braiding is defined by 

with inverse given by 

7.2. In view of pe4 Lemma 3.9.4], recall that given an object (V, /Xy, py) in the monoidal category 
{nyD {M) , ®, 1) , then 

iy ® Hy^Hj Mv^ff ' PV0Hy Pv®h) 

is an object in where 

iJy^H = {iJv ®mH) o {H ®CH.y ® H)o {1\h ®V ® H) , ^jJy^H = V®mH, 

Pv®H = imH®V®H)o{H®cv,H®H)o{p\,(g)AH), pl^^H = V ® ^h- 

Given a braided bialgebra ((Q, /ig, pg) , mg, uq, Aq, eg) in the braided monoidal category 
((|J3^X> {M) , ®, l) , *) then the Radford-Majid bosonization of Q 

Qy^ H 

is the object Q ® H endowed with the following braided bialgebra structure: 

mg^H = {mQ®mH)o{Q(E)p'Q(S)H®H)o{Q(g)H®CH,Q®H)o{Q(g)AH®Q®H), 
UQy^H = {uq®uh)oAi, 

Aq>,h = {Q ®mH ®Q® H) o {Q(S) H ®CQ^H ® H) o [Q IS) p'q® H ® H) o {Aq ® Ah) , 
£q>^h = ■mio{eQ®eH)- 
and the above structures of object in ^Ai^. 

Lemma 7.3. Let {H, mn, uh, Ah, £h, Sh) be a braided graded Hopf algebra with invertible antipode 
Sh in {{M,®,l),c). 

Let ((Q = ©neNQn, m'j p') ,m,u, A,e) be a graded braided bialgebra in the braided monoidal cate- 
gory {{^yV (M) ,®,l) ,'i) . Then 

Qxi H = ©„gN {Qn ® H) 

is a graded braided bialgebra in the monoidal category {M, ®, 1) o,nd 

^a,b" = {TT^a.b®mH)o{Qa®PQ^®H®H)o{Qa®H®CH.,Q^®H)o{Qa®AH®Qb®H), 
^afi" = {Qa®mH®Qb®H)o{Qa®H®CQ,,H®H)o{Qa®p^Q^®H®H)o{AaM®^H)- 

Moreover, for every a, 6 S N, we have that 

1) m^^^ is an epimorphism whenever ma,b is an epimorphism 

2) A^^^ is a monomorphism whenever Aa^b is a monomorphism. 

Proof. Set B = Q >i H and Bn = Qn ® H for every n G N. Then we have 

i^^i^®H and p^=p^®H 

for every n e N. 

By Proposition |3.3| , in order to prove that Q x iJ is a graded algebra and that m^^^ is the required 



morphism, it is enough to prove that (jl^) holds for every a,b £ N. By naturality of the braiding, 
the fact that is left i7-linear and Q fulfills ([l7|), we obtain mBo(i^ ®i^) — ia+b°''^a b- Similarly, 
by Proposition Q xi iJ is a graded coalgebra and hence a graded braided bialgebra. 
Now, in view of 7J, for every (U, p\j, p\j) , (V, py, py) 3^2? we have that the morphism 

*(7,y := (Aiy ®U)o{H® cuy) o ® V) 
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is invertible. Recall that, by |BD, Example 4.1.2], using the left adjoint action 

ad niH o {niH ® H) o {H ® ch.h) o (H (g) S (g) H) o {Ah ® H) 

for H and the regular coaction, we have that Had '■= {H, ad, Ah) is an object in |^3^2? (-^)- Dually 
using the left coadjoint coaction 

coad := {iriH ^ H) o {H (g) S (g) H) o {H (g) ch,h) ° {^h (g H) o Ah 

{H,mH,coad) is an object in |^3^P(A^). 



for H and the regular action, we have that H'^°°''^ 
Then we have 



T-^^b" ^i^a,b®mH)o{Qa(g-^Q,M^a®H) and A^^" = {Qa(g-^H^a 



^H)o(Aa^(gAH). 



Since '^q^^H^a is an isomorphism we get that nri^^^ is an epimorphism whenever ma,b is an 



epimorphism and A^^^ is a monomorphism whenever Aa^b is a monomorphism. 



□ 



Theorem 7.4. Let {H^niH ,uh, Ah, Sh , Sh) be a braided graded Hopf algebra with invertible an- 
tipode Sh in a cocomplete and complete abelian coabelian braided monoidal category {{A4, (g), 1) , c) 
satisfying AB5. Assume that the tensor product commutes with direct sums. 

Let {V,iiy,Py) be in ^^^^^(A^) and let 1[V] be the braided bialgebra of type one associated to 1 
and V in (■^)- Then V g) H is an object in h^h ^'"'^ 

l[V]yA H = H[V g) H] 

is the braided bialgebra of type one associated to H and V g) H in A4. 



Proof, y ® is an object in h-^h i'^ Let Ti (V) be the tensor algebra of V in the monoidal 
category {nyT^ [M) , <Xi, l). Clearly the isomorphisms 



gn ■■= Ih^ ■■ H ^ \(g H 



and 



gv®H '■— Id 



V(gH 



Vg)H 



are a braided bialgebra homomorphism and a morphism in h-^h respectively. By Lemma 7.3 
Ti {V) xi H = ©„gN (y®" g) H) is a graded braided bialgebra in the monoidal category (A^, (g), 1) 



By Theorem 6.3, there is a unique algebra homomorphism / : Th{V g) H) — > Ti (V) xi H such that 



and 



f °h 



Th{V®H) _ -TiiV) 



H. 



Moreover / is a graded bialgebra homomorphism. By Theorem 3.11, / is an epimorphism. In fact. 



by Proposition 3.8, n\^^^^ is an epimorphism for every a, 6 G N and hence, in view of Lemma 7.3 

6 IS an epimorphism too. 

The isomorphisms 

gn ■.= Ih --l^H — > H and gy^^n — Idy<8.ff : V g) H — > V g) H 
are a braided bialgebra homomorphism and a morphism in h-^h respectively. By Lemma ^3 



{V) y\ H = ®„gN {V®^ g) H) is a graded braided bialgebra in the monoidal category [M,®, 1) . 
Then, by Theorem 6.2, there is a unique coalgebra homomorphism : {V) xi iJ ^ T^{V H) 
such that 



Po o / =Ih° 



H 



and 



Pi 



Tf,{V®H) 



r^[p{ 



H 



Moreover is a graded bialgebra homomorphism. By Theorem 2.22 , is & monomorphism. 
In fact, by Proposition p. IS , A^^^ is a monomorphism for every a, 6 £ N and hence, in view of 

is a monomorphism too. Using the same notations of Theorem 6.6, let us 



Lemma 7.3 



A 



Tl{V)>iH . 



check that 



Fh,v®h = fo (Fiy ^ H)o f. 



By Theorem 3^ it is enough to check that 



f^iFxy X H)ofoig 



Th{V®H) 



and f'^o[Fiy » H)o foi^ 



Th{V<»H) _ .T^iVtDH) 
— *1 
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We have 

Therefore we have to prove that 
(32) ro(z^^(^)®i/) o/^i 
By construction of we get 



Ti(V) 



H 



Ti(V) 



H 



and 



'0 



= I 



H 



H] ol 



H 



Tfj{V®H) .Tfj(V®H) 



o 



so that, by Corollary 2.18 , we have proved (|3^). Thus Fh,V(S)H — ° i^i.v H) o f. Now, since 
/ is an epimorphism and is a monomorphism we get 

H[V®H]= lm{FH,v^H) = Im(r ° (^'i.v x i?) o /) = Im(Fi,y >^ i/) = Ini >^iJ = 1 [V]>3H. 

□ 

7.5. Let (iJ, m^f , u^f , A^f , e^f , Sh) be a braided graded Hopf algebra with invertible antipode Sh 
in ((A^,(g), 1) ,c). 

We have an equivalence of braided monoidal categories 

F : (gA^f , ®H, H) ^ (g3^P (A^) , ®, 1) , 

given by 

(M) = = Eq (M uh) o r^/] 

for every (M, /i^, ^^vf Pm^Pm) ^ ff-^lf (^'^'^ ' Theorem 3.9.6]). The inverse of is the functor 
F~^ defined by 

P ^ i^) = ® ^7 Pv^Hi Pv^Ht Pv^Ht PV0h) 
as in for every V eg yV (M). 

Theorem 7.6. Let {H,mHTUH, ^Ht^h, Sh) be a braided graded Hopf algebra with invertible an- 
tipode Sh in a cocomplete and complete abelian coabelian braided monoidal category {{A4, 0, 1) , c) 
satisfying AB5. Assume that the tensor product commutes with direct sums. 

Let {M , , , p\,j , p\j) he in h-^h '^"■'^ 1 [iW^"'^^] be the braided bialgebra of type one 
associated to 1 and A''F°^"'> in '^yV{M). Then 



H = H[M] 



is the braided bialgebra of type one associated to H and M in A4. 



Proof By Theorem ^ 1 [M"""] y> H = H [M""" iJ] ^ H[M] is the braided bialgebra of type 
one associated to H and M in A^. □ 
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